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Abstract. The algebra of monodromy matrices for sl{n) trigonometric R- 
niatrix is studied. It is shown that a generic finite-dimensional polynomial 
irreducible representation of this algebra is equivalent to a tensor product 
of L-operators. Cocommutativity of representations is discussed and inter- 
twiners for factorizable representations are written through the Boltzmann 
weights of the sl{n) chiral Potts model. 



Introduction 

Let us consider an algebra generated by noncommutative entries of the 
matrix T{u) satisfying the famous bilinear relation originated from the quan- 
tum inverse scattering method [1] 

R{X - fi)T{X)T{f,) = T{fx)T{X)R{X - /.) 

where -R(A) is ii-matrix - a solution of the Yang-Baxter equation. For his- 
torical reasons this algebra is called the algebra of monodromy matrices. It 
possesses a natural bialgebra structure with the coproduct (1.5). If 5 is a 
simple finite-dimensional Lie algebra and R{X) is Q -invariant i?-matrix the 
algebra of monodromy matrices after a proper specialization gives the Yan- 
gian Y{Q) introduced by Drinfcld [2]. If R{X) is corresponding trigonometric 
i?-matrix [3,4] (see (1.1) for sl{n) case) this algebra is closely connected with 
Uq{Q) and Uq{Q) at zero level [2,4-6]. In the last case it is convenient to use 
new variable u = cxpA rather than A. If R{X) is sl(2) elliptic i?-matrix 
[7,8] the algebra of monodromy matrices gives rise to Sklyanin's algebra [9] . 

In this paper we shall study algebras of monodromy matrices for sl{n) 
trigonometric i?- matrices [10]. In the framework of the quantum inverse scat- 
tering method finite-dimensional irreducible representations of these algebras 
which depend polynomially on the spectral parameter u are of the special in- 
terest. They correspond to integrable models on a finite lattice, i-operators 
are irreducible representations with linear dependence on the spectral pa- 
rameter, and usually we get polynomial representation as a tensor product 
of L-operators. The question is to examine whether all finite-dimensional 
polynomial irreducible representations can be obtained in this way. For the 
s/(2) case corresponding to the i?-matrix of the six- vertex model the answer 
is known. If uj is generic that each wanted representation is equivalent to a 
tensor product of L-operators [11,12]. If a; is a root of 1 the situation is more 
complicated. In this case only generic representation are equivalent to tensor 
products of L-operators, but there are also exist representations, which are 
not of this form [12]. For generic iv in the sl{n) case finite-dimensional 
irreducible representations was described in [13,14], but to obtain all of them 
from L-operators the notion of an L-opcrator should be generalized. Here 
we study sl{n) case for co being a root of 1 and obtain the same results as 
for the sl{2) case [12]. 

As well known, the deformation parameter being a root of 1 is a pecu- 
liar case for quantum groups [15]. It is the same for algebras of monodromy 
matrices under consideration if oj^ = 1 . In this case a generic polynomial 
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finite-dimensional irreducible representation is cyclic (without highest and 
lowest vectors) . Moreover, as usual irreducible representations do not cocom- 
mute, their tensor products in direct and inverse orders are not equivalent 
in contrast to what takes place for generic co . The whole set of irreducible 
representations exfoliate to varieties of coconimuting representations. For a 
couple of coconimuting representations one can define an intertwiner realiz- 
ing an equivalence of two tensor products. Intertwiners gives us solutions of 
the Yang-Baxter equation, representations playing a role of spectral param- 
eters. In the sl(2) case an intertwiner for L-operators can be written as a 
product of four factors and each of them can be expressed explicitly through 
the Boltzmann weights of the chiral Potts model [12,16]. A direct general- 
ization of this construction for the sl{n) case leads to the sl{n) chiral Potts 
model [17] and minimal representations of Uq{gl{n)) [18]. Unfortunately, 
minimal L-operators from [17] (which correspond to minimal representations 
of Uq{gl{n)) [18]) are not generic from the point of view of this paper. For a 
generic L-operator necessary factorization if exists contains n factors instead 
of two factors for minimal one, so an intertwiner is a product of factors. 
But explicit expressions for these factors can be written through the same 
Boltzmann weight of the sl{n) chiral Potts model. Recently, another factor- 
ization for a generic L-operator was obtained and corresponding formula for 
an intertwiner was written by use of the same Boltzmann weight [19]. 

The paper is organized as follows. In the first section we give definitions 
and formulate results without proofs. Next two sections contain proofs of the 
Theorems 1,2 . In the forth section we introduce factorized L-operators and 
build their intertwiners; the connection with the sl{n) chiral Potts model is 
also discussed. In the last sections we give technical details and necessary 
proofs. Some proofs which can be done by explicit calculation are omitted. 

1. The algebra of monodromy matrices 

Let us define an algebra of monodromy matrices for the sl{n) trigono- 
metric _R-matrix. Denote for short A4 = End C" . The i?-matrix R{u) is 
considered as an element of A^®^ and has the following nonzero entries: 

where ^ | q ' ' > ' ' ^ij^ji ~ lo^'^^^^ and 5ij is the Kronecker symbol. 
We also introduce a tensor e such that Wij = u)"^^ . This definition of R{u) 



Rll (u) = 1 - uuj , 
Rfj{u) = Wij(l -u) 
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differs slightly from the original one [10]. A variable u is called the spectral 
parameter. R{u) satisfies the Yang-Baxter equation: 

12 13 23 23 13 12 

R{u)R{uv)R{v) = R{v)R{uv)R{u) . 

Here we use the standard matrix notations, superscripts indicating the way 
of embeddings Ai C Ai®^ as corresponding factors. 

Definition 1.1. The algebra of monodromy matrices A is the algebra de- 
fined by generators Tij{u), Hi i,j = l,...,n and relations 

R{u)T{uv)T{v) = T{v)T{uv)R{u) (1.2) 

[2; ® if; , T(u)] = , Oi; = diag(l, ... , W , ... ,1) , (1.3) 

l-th 

I 

where T{u) € M®A with entries Tij{u) € A. 

n 

Here and later Jl = 11 the same convention is implied for sums. More 

I 1=1 

explicit form Eq.(1.3) is 

HiTij{u)=Tij{u)Hiu>''^-''* . (1.4) 

One can introduce the natural coproduct A : ^ ^ : 

A{T{u)) = Ti{u)T2{u)eM<^A®^ , 
A{Hi) = Hi (g) Hi 

(subscripts indicate the way of embedding A C ) and counit s : A^ C: 

e{T{u))^I , e{Hi) = l 

making A a bialgebra, hence a tensor product of ^-modules is also A- 
module. The algebra A is closely connected with the algebra Uq{gl{n)) , 
but does not exactly coincide with it. In the section 8 we shall discuss the 
structure of the algebra A in more details. 

We are interesting in a special class of representations of the algebra A . 
Often the representation will be indicated by a superscript. 
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Definition 1.2. A representation tt of the algebra A is called a polynom- 
ial representation if dimTr < oo, T^{u) is polynomial on u and Tj^(O) = 
for i < j . degTT = degT'^ = max(^j,- + degTJJ) is called a degree of the 

ij 

representation w . 

The algebra A has the well known element detg T{u) which is called the 
quantum determinant (the exact definition of detg T{u) is given in section 
6). Henceforward we assume that all are integer. 

Lemma 1.1. Q{u) = detqT{u) JJiJ;^" is a central element. 

il 

Proof. In section 6. □ 

Lemma 1.2. A{dctqT{u)) = det, r(u) O det, T(u) 
Proof. In section 7. □ 

For a polynomial representation tt, degTT = M, T{u) = T^{u) we define 
Tu{u) = T^{-u)'' + ... + Tf^ , 

Tij{u) = i-u)OHT,r{-u)''-' + ... + T^j) , i^j , (L6) 
Q(u) = Q°°(-u)"^+ ... + Q0 . 

Lemma 1.3. Let tt be a polynomial representation, T(u) = T'^{u),Hi 
II': . Operators =T^f fl and = ■ H Hf" commute with 

T{u),H^,... ,Hn. 

It is obvious that g°° = H , Q" = 11 ■ 

i i 

Henceforth throughout the paper we take w being a primitive A'' -th root 
of 1 . In this case the algebra A has an additional large set of central ele- 
ments. To describe them explicitly we introduce an operation (•) as follows: 

N 

fe=l 

Lemma 1.4. (Tij){v) , , ... , are central elements. 
Proof. In section 7. □ 

Define the element {T){v) eM<^A such that (T).^.(u) = {Tij){v) . 
Lemma 1.5. A((r)(u)) = {Ti){v){T2){v) . 
Proof. In section 7. □ 
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Definition 1.3. For any T eM let Aj ,B'[ ,C'[ be the following minors: 
AJ is the principal minor generated by the first k rows and columns. 
B'^ is generated by the first k rows and k-\-l columns (except the k -th 
column). 

is generated by the first k + 1 rows and k columns (except the k -th 
row). 

Definition 1.4. T{v) e M[v] , degT = M is called an A-polynomial if it 
enjoys the properties 

(1) T,j{0) = ifKj. 

(2) dcg%j < M if i> j . 

(3) For any k < n A'^ (v) has exactly kM nonzero simple zeros. 

(4) If Ajivo) = then (vq) 7^ and C^{vo) 7^ . 
AM [v] denotes the set of all A-polynomials. 

It is evident that degAj = kM, degSj < kM, degCl' < kM and Al{0) ^ 

0,5^(0) =0. 

Definition 1.5. Tm is a variety of sets E = {T{v) e AM[v],Q{u) € 
C[u] , hi , zf , such that degT = M and 

Tuiv) = {{-vrizrr +■■■+ izTK') n f^r > 

I 

i i 

detT{v) = {Q){v)l[hr^ , l[hi = l . (1.7) 

il I 

Lemma 1.6. Tm is diffeomorphic to a dense open set in C"^^+^"~^ . 
Proof. In section 2. □ 

Definition 1.6. The polynomial representation tt is called an A-represen- 
tation if {T)'^{v) G AA^[w] and dcg{T)^ = degTr. An irreducible A-repres- 
entation of degree 1 is called an elementary representation (L-operator). 

For any irreducible ^-representation tt we put 

= {{Tnv) , Q^u) , {Hf'Y , [try , {t^n . 

Lemma 1.7. T.'^ G Tm , M = degTr . 
Proof. In section 7. □ 
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Theorem 1. For any set E e Tm there exists a unique irreducible A-rep- 
resentation n such that T,^ = T, . Moreover, deg w = M and dim tt = 

j^{n-l)nM/2 

Theorem 2. A generic irreducible A-representation of degree M > 1 is 
equivalent to a tensor product of M elementary representations. 

Note. One can check if a representation tt is equivalent to a tensor product 
of elementary representations using only (T)'^(w) . 

2. The Proof of Theorem 1. Uniqueness 

In order to prove the Theorem 1 we shall describe the construction of an 
irreducible ^-representation inspired by Drinfeld's new realization of Yan- 
gians [13] and the ideas of the functional Bcthc ansatz [20]. Let us introduce 
the special elements of the algebra A - quantum minors of T{u) ; the exact 
definition and the calculation of commutation relations for quantum minors 
is given in section 6. The following quantum minors will play an important 
role: 

Ak{u) is a principal minor generated by the first k rows and columns; 
Bk{u) is generated by the first k rows and fc + 1 columns (except the 
fc-th column); 

Ck iu) is generated by the first fc + 1 rows and fc columns (except the 
fc-th row); 

Dk{u) is generated by the first fc-|- 1 rows and columns (except the fc-th 

row and column); 

It is also convenient to introduce improved minors whose commutation rela- 
tions are simpler than for original ones: 

Ak{u) = Ak{u)Hk 
Ck{u) = Ck{u)Hk 

k 

j=i I 

Main commutation relations read as follows: 

[A,{u),A,{v)] = [A,{u),H{\=0 
[Ai{u) , B,{v)] = [Aiu) , C,{v)] = [B,{u) , C,{v)] = , i^j , (2.2) 
[Bi{u),Bi{v)] = [C,{u),Ci{v)]=0 , 



Bk{u) = Bk{u)Hk , 



(2.1) 
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, k — J > 1 , (2.3 
Ci{u)Cjiv)=uj'''^Cj{v)Ci{u) ' I ■'I ^ ' 

{u - v)A,{u)B,,{v) = {u- vuj)Bi{v)A,{u) - v{l - ijj)B,,{u)A,{v) 
co{u — v)Ai{u)Ci{v) = (vw — v)Ci{v)Ai{u) + w(l — u})Ci{u)Ai{v) 

Di{u)Ai{uaj) - ujBi{u)Ci{uuj)H^^ = Ai+^{uuj)Ai_^{u) , (2.5) 

H^i^ =]JHi"~'*+''' (2.6) 
I 

where Ao{u) = 1 , An{u) = Q{u) . Note that 

H^^Bj{u)=uj'>'iBj{u)H^^ , H^^Cj{u)=uj-'>'iCj{u)H^^ . 
Let us also define improved minors of (T){v) : 



At{v)=Ai^\v)Hj: , BUv) = Bt\v)H^ 



(2.7) 



where minors A''^^ {v) , B^^^ (v) , C'^^ {v) were defined above. 

Lemma 2.1. {Ai){v) = A^ {v) , {Bi){v) = Bf {v) , {Ci){v) = Cf [v) . 

Proof. In section 7. □ 

Denote by A the subalgebra generated by {Ak{u) , Bk{u) , Ck{u) , -ff/s}^^^ . 

Certainly, A is also generated by {Ak{u) , Bk{u) , Ck{u) , • 

Now let us fix throughout this section an irreducible A-rcprcscntation tt 
of degree M and take all elements of the algebra A in this representation. 
(The explicit indication of tt will be omitted.) Let {Cij} be the set of all 
zeros of the polynomial Af (?;) . Because tt is an ^-representation, all these 
zeros are nonzero and simple. Introduce operators akj , Pkj , Ikj as follows 

kM k 

Ak{u)=AfY[{akj-u) , a%=Ckj , Af = Y{fr , (2.8) 

3=1 i=l 

Pij=Bi{aij) , jij=Ci{aij) . (2.9) 
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When substituting instead of the spectral parameter the ordering of 
noncommuting factors has to be chosen. We prefer to put all a 's to the 
right, but one can choose another ordering and all the following remains 
correct. Eq.(2.2)-(2.6) and the Lemma 2.1 lead to the following relations for 
these operators: 

[ttifc , aj]\ = [aik , Hi] = [Hi ,Hi]=0 , 

H,p,i=J'-+'-^^^^,iH, , Ha3i=u;^''-^'-'+'j3iHi 
[Afe , fti] = [Afe , 7ji] = [jik , 111] =0 , j , 

PikPjl = PjlPikC^'"' , "fikljl ^ Ijljikl^''^'' , |i-j|>l 

ojPikjikH'''''' = -Aj+i(aife)A,:_i(Q!ifeC<;"^) , 
JikPikH'^''^ = -Ai+i{aikU})Ai^i{aik) , 

kM k 

ArY[^kj = iii"^r' ■ 

Since tt is an A-representation pij and are invertible (see (2.13)). For 
present the definition (2.8) of operators a^- is formal. To make it sensible 
we introduce a vector v - a common eigenvector of Ai{u) , i = 1, . . . ,n—l 

o 

and the subspace V = 7r(^)v . 
Lemma 2.2. 

1. V is spanned by common eigenvectors of Ai{u) witli different eigenval- 
ues. 

2. aij , (3ij , can be well defined on V as operators satisfying relations 
(2.10)-(2.14). 

3. diml/ = A;'("-i)"^/2. 

Proof (Sketch). Evidently we can define o^j on v claiming v to be its 
eigenvector with the appropriate eigenvalue. Then the subspace V can be 
set up step by step starting from v by use of f3ki and jki ■ At every step 
the definition of can be naturally extended to fulfil relations (2.10). It 
is easy to check that this construction can be realized self-consistently giving 
the subspace V of the required dimension and operators a^j , Pij , jij on 
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(2.10) 

(2.11) 

(2.12) 
(2.13) 

(2.14) 



it satisfying the relations (2.10) (2.14). And for the operators Bk{u) and 
Ckiu) we have the interpolating formulae: 



kM M 



B},{u) = l3uoc^l Pkiiu) , Ck{u) = ^'jkiPkiiu) (2.15) 



1=1 

kM 



where Pki{u) = TT 



u - akj 



□ 

Note. By the definition of a's one can retell the first point saying that V is 

spanned by common eigenvectors of a's with different eigenvalues. 

One can also see that for v' another common eigenvector of Ai(u) V 

o o 

and V = 7r(^)v' are isomorphic as 7r(^)-orbits. 

To complete this part of the proof of the Theorem 1 it is enough to show 

that V is invariant with respect to Tr{A) . To have more compact notations 

o 

we shall show that 7r(^) C Tr{A) using , (iij , -fij . The way of doing this 
is the following recursive process. The first step is trivial: 

Tn{u) = Mu) , Ti2{u) = Bi{u) , T2i{u) = Cr{u) 

(see (2.1), (2. 6)). T22{u) can be tested by means of the relation 

A2 {uuj) = T22 (wa;)Tii (u) - waiTzi {uuj)Ti2 (w) • 

To pass to the 3 by 3 principal submatix one has to use relations 

B2 {uLo) = UJ21 (uJ^iT23 iuu})Tii (u) - T21 iuu})Ti3 (u)) , 

(2.16) 

C2{uu) = W31 {u;2iT32{uu))Tii{u) - T3i{uu;)Ti2{u)) . 

Substituting here u = an we obtain the interpolating formulae for ri3('u) , 
T3i{u) : 

M 



Ti3{u) = — uwsi^ili ^7i/B2(Q;iia;)ai/Pii(M) , 

i=l 
M 

T31 {u) = -uj^2^Hi ^ C2{auuj)(3^^Pu{u) . 
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Now T23{u) ,T32{u) e iriA) due to (2.16) and to test Tss{u) we recall that 

A3{uiv) = T33{uu))A2{u) + known terms . 

For further steps we have to introduce additional quantum minors: 

I3ki (u) is generated by the first k rows and k — 1 columns together with 
(fc + l)-th column; 

Cki (u) is generated by the first k — 1 rows and k columns together with 
(fc + l)-th. row; 

Dj^i (u) is generated by the first k — 1 rows and columns together with 
(fc + l)-th row and (fc + l)-th column; 

D^iiu) is generated by the first k — 1 rows and columns together with 

(fc + l)-th row and (k + Z)-th column. 
We also define the corresponding improved minors: 

Bki{u) = Bki{u)Hk , D^iiu) 

Cki(u) ^ Cki{u)Hk , Dg{u) 
(cf.(2.1)) and use the relations 

D^i{u)Ak{uu;) - ojBki{u)Ck{uu;)H^''^ = ^^^^±^Bk+i,i-i{uuj)Ak-i{u) 

^2.17) 

Dg{u)Akiuuj) - ojBk{u)Ckiiuu;)H^''^ = ^^^tthtc,,+i^i_y{uuj)Ak-i{u) 

o 

which look similar to (2.5). To check Taiu) S 'k{A) , i = 1, 2, 3 the following 
formulae have to be written: 

2M 

ij(2)B22(w) = -«W34'I]72"/^3(a2iW)^l(a2i)Q2/^'2iW , (2-18) 

i=l 

B22{uuj) = UJ21 {ujliT24:{uuj)Tii{u) - T2i{uuj)Tu{u)) , (2.19) 

M 

Tu{u) = -uuj2iH^^^luB2i{auuj)a:[lPu{u) , (2.20) 

1=1 

Eq.(2.18),(2.20) are obtained from the first of Eq.(2.17) for fc = 2 and 
Eq.(2.19) respectively after the following substitutions: u = a2iU)~^ and 

o 

u = aii . Now T24(u) e 7r(^) due to (2.19) and to test T34(u) we use 

oJ4,iOJ42B3(uoj) = (jj3iuj32T34{u(jj)A2{u) + knowTi teruis . 



I 
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In the same manner we can show that T4j(u) e tt{A) , i = 1, 2, 3 . In order 
to test T44(u) and thus to complete this step of the process we look to 

A4{uuj) = T44{uuj)A3{u) + known terms . 

It is quite evident how to do next steps by means of relations (2.17) and 
interpolating formulae. As a result of this recursive process we can express 
all Tki (u) through operators aij , f3ij , -jij . Justifying this formal calculations 
like in the Lemma 2.2 we convince ourselves that 7r{A)V C V . 

Proof of Lemma 1.6. The recursive process desribed above certainly 
has the "classical limit" - a very similar one for usual matrix polynom- 
ials. It shows that the variety Tm can be parametrized by Q{u) , minors 
Aliv) , BJ{v) ,Cf{v), i = 1, . . . , n - 1 and hi,zf , i ^ 1, . . . ,n. 
Now it is very easy to find independent parameters in which the identity 
mapping is the required diffeomorphism. □ 

3. The Proof of Theorem 1. Existence 

Let a set S G Tm be given. We have to find an irreducible ^-rep- 

o 

resentation tt such that S = E'^ . Define the algebra As by generators 
{aik,Pik,7ik,Hi}fi,i'£^ and relations (cf.(2.7)-(2.14)): 

[aik , aji] = [aik , Hi] = [Hi ,Hi]=Q , 

Hil3ji = uj^'-+'-^'^ pjiHi , Haji=J^i-^'-+'^jiHi , 
[Pik , Pil] = [I3ik , Ijl] = [lik ,Hl]=0 , iy^j , 

Pik^ji = ^jiPik^^''*' , likiji = ijiiik'^~'^'' , N-i|>i , 

L^PiklikH^''^ = -Ai+i{aik)Ai_i{aikUJ~'^) , 
lik^ikH^''^ = -Ai+i{aikU))Ai_i{aik) , 

k kM k 

U^rU^kj-u^^H-^ ' 

Ak{u)=f[zrli{akj-u) , H^^ =l[Hr^-^^'' , 

i=l 3=1 I 
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It easy to see that is a simple algebra isomorphic to End C^'" ^'""''^ so 
it has a unique irreducible representation and any its representation is faith- 
ful. Before we have shown that an irreducible A-represcntation tt generates 

o 

the irreducible representation of the algebra A^^ . Now we would like to re- 
verse a logic. Let B{u) , C{u) be defined by Eq.(2.15) and A{u) , B{u) , C{u) 

o 

by Eq.(2.1). Define the homomorphism ^p : A ^ At, on generators as fol- 
lows: (p{Hi) = Hi and ip{Tij{u)) is given by the recursive process described 
in the previous section. For the definition of to be correct all the relations 
(1.1) have to be preserved by </3 . To verify this is to check some polynomial 
identities on Tm ■ So they have to be checked only for generic E and it 
certainly will be done if an irreducible ^-representation tt such that = S 
will be shown. Though we return almost to the starting point of the con- 
sideration we have a profit to solve the problem only for generic S . In this 
case the required irreducible A-representation can be built from some simple 
primitives. 

Later we shall treat C" -coordinate indices modulo n , excepting the cases 
when they appear in inequalities. Introduce the algebra W generated by 
Fi ,Gi ,Hi , i = 1, . . . ,n and relations 

p.p. — p.p. p.pr.— TT.p. pr.TT _ TT TT. 

i^ijFiGj = GjFiU)ij-\.i , HiGj = GjHiLO^'-''+^ ^'-^ , (3.1) 

uJijGiGj = GjGiU>i^ij^i , U -^^^ ~ ■'- 

I 

Let /, = n ^r'"' F Fi . . . F„ , and G = d . . . G„ . Elements /, , Ff^, 
I 

G^, H^, i = 1, . . . ,n and FG~^ clearly generate the center of W . The 
mapping cj) : A^W: 



Tij{u) ^ - uFiSij + {-uf^^G^6^+l,J , 



(3.2) 



is a homomorphism of algebras. It is easy to calculate that 

n 

Q{u) (-w)"-ia;(i"")"/2j^(-l)"G]JwH-wF 



i=2 



(r,,)(^) ^ -^i^A^5.. + (_^)«..Gf<5.+i,, 
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For any representation ^ of the algebra W the representation ^ o (p of the 
algebra A will be called a simplest representation. 

Let V = End and X,Z G V he the following matrices: Xij = 
(mod N) , Zij = ui^Sij . Define naturally operators Xi,Zi G V®" : 

^ jj^^ ^ = (g) Z (X) /®(""'"^^ 

and introduce the subspace H C (C^)®" as the eigenspace Z®" = 1 . 

Lemma 3.1. Let ai,bi,Ci, i = 1, . . . ,n be arbitrary numbers such that 
Yi'^i — ^ ^^'^ ^ij 7 h j = ^ ■ ■ ■ 1^ be integers such that nii^i^i — mu — 

i 

mi^i+i - mu = ei+i,;+i - eu . The mapping ^ : W ^ EndH : 

Fi = ail[Zf" , Gi = biXi+,Xr^l[Zj^" , Hi = aZi 

I I 

is a representation of the algebra W . 

Now we have got a lot of simplest representations to extract the required 
irreducible A-representation from a tensor product of simplest representa- 
tions. Let Ki , i = 1, . . . ,nM be zeros of Q{u) (simple for generic case), 
and let us take nonzero vectors ^'i G kei T{Kf) which are unique up to scale 
factor due to (1.7). Define step by step a sequence of simplest representations 
cTi = ^i°<P such that 



g'^-(«.) = o , (Tr(«f)M/i, = , 

nM nM 

where = *i , = (T)'^-(Acf )*y 

and take the representation it = n{ai, ... , (t„m) such that 
T^u) = {~u)^^-^^^TnM{u; c7„m) • • • • • Tt{u; ai) 

nM 

Hr=]Y<^jm , Ti{u;ai)=Tr{u) . 



(3.3) 



(3.4) 



Lemma 3.2. {Ty{v) = T{v) . 

Proof. Consider the ratio t{v) = (TY {v)T~^{v) . This is a meromorphic 
function having poles only at points Kf . But Eq.(3.3),(3.4) show that for 
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any i res t{u) = . Hence, t{v) does not depend on v . Taking limits 

u — !■ and v ^ oo wc see that t{v) is both an upper triangular matrix with 
unit diagonal and a lower triangular one. Then t{v) is the unit matrix. □ 

One can easily check that the representation tt is a polynomial A-rep- 
resentation of degree M and Q'^{u) — Q{u) ,tf = z°° . As a corollary of 

nM 

the Lemma 3.2 wo have got that (t'i)^ = Yl^<yj{GfLj) = {z°)^ ■ According 
to the Lemma 1.3 the representation tt can be restricted to a maximal com- 

nM 

mon eigenspace of operators t° = fl^^j {Gi-j Yl ^i'') ' z = 1, • . • , n . It is 

j=i I 

obvious that we can choose this eigenspace such that ti = ■ So an 
irreducible component tt'' C tt is an irreducible A-representation such 
that: T,""" = E. □ 

Proof of Theorem 2. This Theorem simply follows from the formula 
(3.11) and the Theorem 1 . Let ttq be an irreducible j4-representation, S = 

E'^" and the representation tt = 7r((Ji, . . . , Unhi) is built as described above. 
One can see that operators tf are organized as products of commuting factors 

(fe+l)Tl 

tik = ('j'j-j n -^rO • ^ maximal common eigenspace of 

j=kn+\ I 

n 

tik , i = 1, . . . ,n and H'' C . Taking w'^ as an irreducible component 

fe=i 

of 7r(cr/j„+i, . . . , cr(/j_|_i)„) I it is easy to see that it'' is an elementary rep- 
resentation. The representation 

= TT^ . . . (g) TT^ (3.5) 

is an A-representation of degree M, dim7r° = ]\fin-i)nM/2 ^^^^ j^tt" _ 
S . Therefore it should be irreducible, equivalent to ttq and (3.5) is its 
decomposition to a tensor product of elementary representations. □ 

4. Cocommuting representations and intertwiners 

Definition 4.1. Representations 7ri,7r2 of tiie algebra A are called co- 
commuting representations if the representations tti (g) 7r2 and 772 ^ tti are 
equivalent. A linear invertible operator R sucJi that 

R7ri0 7r2(A(e>)) =7r2 7ri(A(e>))R (4.1) 

for any O & A is called their intertwiner. 
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Lemma 4.1. Let 1^1,1^2 be cocommuting representations and all central el- 
ements are represented in tti (8) 7r2 by scalars. Then 

[{Triv),{Tr{v)]=0 (4.2) 

Proof. The statement follows from the Lemmas 1.4,1.5. □ 

Lemma 4.2. Let tti,tt2 be irreducible A-representations and both tti (g) 7r2 
and 7r2 (8> tti be A-representations. Then tti and 1^2 cocommute if and only 
if Eq.(4.2) is satisfied and their intertwiner is unique modulo scalar factor. 

Proof. Due to the Theorem 1 both tti (g) 772 and 772 (8) tti are irreducible 
A-representations because of their dimensions. So the part "only if" follows 
from the previous Lemma. On the other hand if Eq.(4.2) is satisfied it follows 
from Eq.(1.5),(1.6) and the Lemmas 1.2, 1.5 that S'^^^'^^ = E'^^^'^i . Hence 
returning to the Theorem 1 we obtain that they are equivalent irreducible 
representations. □ 

So we reduce the problem to consideration of matrix yl-polynomials in- 
stead of irreducible A-representations. For T{v) G AA^[i;] let Alrb] C 
M[v] be spanned by v^T\v) , A;, / > . 

Lemma 4.3. Let V{v),T{v) e AM[v] and [V{v),T{v)] = 0. Then for 
generic T{v) V{v) e A4tM . 

Lemma 4.4. Let T{y) E AM[v] and Tx{v) = T{v) - XI . Then for generic 
T{v) corankTx(u) < 1 for all X,u. 

Proof. If Ao,wo such that corank7A(,(wo) > 1 exist then Ao is a common 
zero of detTx{vo) , A^'^-^^{vo) and B^^-^^{vo) as polynomials on A. Therefore, 
vo is a common zero of three their mutual resultants as polynomials on v . 
But it is impossible for generic T{v) . □ 

Proof of Lemma 4.3. Let us recall that if X e M has a "simple" 

spectrum in a sense that corank ( A" — A/) < 1 for all A then the set 

is a basis of its commutant. A generic T{v) has a "simple" spectrum for 

ri-l 

all V, so V{v) — J2 Pk{v)T''{v) ■ Treating this equality as a system of 
fe=o 

linear equations for functions Pk{v) we see that it has a unique solution for 
any finite v . Taking into account the Cramer's formulae one can see that 
Pk{v) must be whole rational functions, i.e. polynomials. The same idea 
applied to the highest order terms (infinite v ) gives the equality for degrees: 
deg V = max (deg Pk , k deg T) . □ 
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Certainly, if Pi{v),'P2{v) S Mt[v] then [Piiv) ,'P2{v)] = 0. And vice versa, 
one can say that if [Pi{v) ,V2iv)] = then generically Pi{v),V2{v) € M.t[v] 
for some T{v) . 

Later we shall use the following trivial idea: A nonzero meromorphic 
function is not zero at generic point. 

Lemma 4.5. For generic A-polynomial V{v) its power 'P™{v) is also an 
A-polynomial. 

Corollary. For generic T{v) £ AM[v] and Vi{v),V2{v) & Mt[v] Viiv), 
V2{v) e AM[v\ . 

Now let us return to the intertwiners. Duo to the Theorem 1 the space of 
irreducible A-representations of degree M is Tm and all of them can be real- 
ized in the same space = . Define TZr as a set of irreducible 
representations tt such that (r)'^(u) G A^rb] • We want to treat an inter- 
twiner as a function of the intertwining representations and it can be done. 
According to Lemmas 4.3,4.5 intertwiners for cocommuting irreducible A-rep- 
resentations of degrees M , M' define modulo scalar factor a locally holomor- 

phic Hom(F^,F^')-valued function on (J^t^ ^ C^m x Tm') • Moreover, 

r 

this function evidently is nearly meromorphic function, only a common scalar 
factor can be multivalued. Later we imply an intertwiner to be considered 
as a function of representations in the sense described above. 

Lemma 4.6. Let R(7ri,7r2) be an intertwiner for cocommuting irreducible 
representations tti ,7r2 . Then generically trR(7ri,7r2) 7^ 0. 

Proof. It is sufficient to take tti = tt®' and ^2 = tt**™ for some irreducible 
A-rcprcscntation tt and integers Z,to. Generically tt®^ is also an irreducible 
>l-representation and R(7r, tt) is proportional to the permutation operator. 
Now one can give the explicit expression for the intertwiner R(7ri,7r2) and 
show that trR(7ri,7r2) oc N'' where k is the maximal common factor of I 
and m . □ 

This Lemma shows that tr R(7ri, 712) = 1 is a good normalization condition 
making an intertwiner a pure meromorphic function. 

Lemma 4.7. Let ttq G TZt , a = 1,2,3 be irreducible A-representations such 
that all TTa JjTTb (a ^ b) are A-representations. Then intertwiners R(7ra,7r6) 

satisfy the Yang-Baxter equation 

Ri2(7ri,7r2)Ri3(7ri,7r3)R23(7r2,7r3) = R23(7r2, 7r3)Ri3(7ri, 7r3)Ri2(7ri, 7r2) . 

Proof. We consider the both sides of this equality as functions on (J TZ^^ . 

r 
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Put 3? = 

(R23 (7r2 , 773 )Rl3 (tTi , TTs )Rl2 (tTi , 7r2 ) ) ~ ^ R12 (tTi , 7r2 ) Rl3 (tTi , TTs ) R23 (7^2 , 773 ) . 

3? commutes with all operators of the representation tti (8) 772 ^ 773 which is 
generically an ^-representation, hence 3? is a scalar. Moreover, from 

R12 (7ri , 772 ) Rl3 (7ri , 773 ) R23 (772 , 773 )Rl2 (77l , 772 ) ~ ^ =3? R23 (772 , 773 ) R13 (77l , 773 ) 

we see that tr (Rl3(77l, 773)R23(772,773)) = 3?tr (R23(772, 773)Rl3(77l, 773)) . So 
3i=l. □ 

Proof of Lemma 4.5. It is enough for any degree I and power m to 
give an example of a polynomial P{v) , deg P = I satisfying items 1,2 of the 
Definition 1.4 such that A^"" (v) has simple zeros and to give an example of 
a similar polynomial S{v) , dog S = I such that Af (v) and (v) have 
no common zeros. We shall take P{v) as follows: 

Vii{v) = {v - WiY , 
Pi,k+iiv)=v , 
Vii{v) = l , i = k + l, 

One can calculate that for £ — > 

k k k m—2 

Ar (v) = Uiv - w,y^ +evY,^{n- w^)'^ ^.^v - w^f + o{e) 

so {v) have simple zeros for small enough e . 

We shall seek for a polynomial S{v) of the following type: 

(a(t>) vh 
{w- vY 
{w-vYl 

where a(?;) is a k by k block, b is a fc-column and / is the {n — k—1) dim- 
ensional unit matrix. Let sl{v) be a A;-dimensional A-polynomial of degree / , 
deta(t;) has simple zeros, deta(w) ^ and the principal {k — l)-th minor 
of a{v) is not zero at zeros of det a{v) . One can build such a matrix a{v) 
in a way similar to the formulae (3. 3), (3. 4). Let us also take b ^ ima(t;) at 
zeros of det a{v) . The technical exercise is to show that B^" (v) is not zero 
at zeros of Af"" (v) . □ 



Wi^Wj if i^j . 

1 = 1, ... , K 

'Pfe+l,i(u) = S 

. . . ,n , Vij (v) =0 otherwise 
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5. sl(n) chiral Potts model 

Unfortunately, no reasonable explicit expression for intertwiners of generic 

A- representations can be obtained directly, even for the sl{2) case. The 
way to obtain such an expression in this case is to use the factorization 
of ^-representations to simplest representations. As a result formulae for 
intertwiners through the Boltzmann weights of the chiral Potts model can be 
got [12,16]. The first generalization of the chiral Potts model to the sl{n) 
case was proposed in [17,18] and corresponding formulae for intertwiners of 
minimal cyclic representations were written. Here we will discuss another 
generalization, concerning ^-representations. Although minimal representa- 
tions are not ^-representations the same Boltzmann weights as in [17,18] 
happen to be used (cf.[19]). 

Let us take a two-dimensional subspace 11 c C^" and introduce a couple 
(r, $) where F is a variety: 

r = {p e c^" 1 (p) e n} , 

::: Z) ■ ::: :f) • 

M -N dia^^hf) 
and $ is an n by n matrix such that ^y^/;; = jq ^^-^ ■ Here the 

right hand side is a Jacobian calculated on the subspace 11 . Always later we 

o 

shall refer only to P implying the couple (P, . Let W be the quotient of 
the algebra W modulo relations FG~^ = 1 , 

Fl' = l , Gf=io,^u;-' , iff = 1 , i=l,...,n 

o 

and Z be the center of W . We shall retain the same notations for generators 

o 

in case of W keeping in mind new extra relations. One can see that Z is 

generated by = FiY[ H^"^" , z = 1, . . . , n . 
I 

Define the simplest i-operator L[u,p) G >^ as follows: 

Lij{u,p) = ^r.^ {-uaiFi6ij + {-u)^''biGiSi+ij) . (5.1) 
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Try to find a solution of the "skew intertwining" relation 

S{p,p)L2{u,p^)Li{u,p) = L2{u,p^)Li{u,p)S{p,p) 



(5.2) 

[S{p,p),Hi<»Hi]=0 



where S{p,p) e W®^, 



1 _ / ai • • • dn-l On \ ^1 _ / "^1 ■ ■ ■ O'n-1 In 

^ ' 62 ... bn h J ' P - \b2 ... bn h 

and subscripts indicate embeddings W C W®^ as corresponding factors. 
Introduce elements 

Ji = Fri\Gi^Gr^Fi , Ki = {H-;^^® Hi)Ji 

such that Jf = iff = (-1)^-1 and define the subalgebra Jm C W®™ 
generated by 

fc = 1, ... , m — 1 

Define also the subalgebra /C^ C W®"* generated by Z®'^ and 

A:i(A;) = l®('=-i)(g)A:i(g)l®('"-'=-i) i-l, ...,n 

A; = 1, ... ,rn — 1 

Lemma 5.1. Let p,p belong to the same variety V and (p) ^ (p) . Then 
there exists generically a unique modulo IC2 solution S{p,p) of Eq.(5.2): 

S{p,p) = Yl Wpp{s)co^^^-l[iv^'-^'>^/^Jl^ . . . J^" (5.3) 

where 

Sn - 50 

Sj-i < Si , i = 1, . . . , n , So = (mod N) . 

Note. The first ratio in the r.h.s. of Eq.(5.4) actually does not depend on i . 
Inequalities there describe a convenient choice of the representative for s . 
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Lemma 5.2. S{p,p) satisGes the inversion relation 



S{p,p)S{p,p) = Q{p,p) 



and the skew Yang-Baxter equation: 



{S{p,p) ® 1)(1 ® S{p\f)){S{p,p) ® 1) = 

= e{p,P,m ® sip,p)){s{p\f) ® i)(i ® s{p,p)) 



where q{p, p, p) is a nonzero scalar and 




n ^i^i - n i>i^i 



This Lemma corresponds to the Theorem 4.1 from [21] and the inversion 
relation (A.l) from [22]. (It should be noted that for p e F we suppose that 

p^ e ri with ^jj = .) 

Introducing the products L™(u, p) and S(p,p): 



(i is increasing and j is decreasing from left to right in this product), we 
get usual intertwining relation 

S(pi, P2)L^(«, P2)L^ («, pi) = Ul{u, pi)mu, P2)S(pi, P2) (5.5) 

where subscripts indicate embeddings W®" C W®" <8) W^"' ■ 
Lemma 5.3. S(pi,p2) satisfies the Yang-Baxter equation 



where 1 = 1®". 

To prove announced Lemmas we have to study some extra subalgebras. 



L™(«,p) = Lm{u,pZ) ■...■Mu,pI)gM^W' 

P = (Pi ...p„^)e^x™ , 



S(P'P) = n n S{pi,p'r])GW^^' 



(S(P2, Ps) O 1)(1 ® S(pi, P3))(S(piP2) 01) = 
= (S(piP2) ® 1)(1 ® S(pi, P3))(S(P2, Ps) ^ 1) 
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Lemma 5.4. Let us consider the subalgebra S CW generated by F-_^_^Gi , 
i = 1, ... ,n. Then S' - the commutant of S is generated by F^^Gi, 
i = 1, ... ,n and Z . 

o 

Proof. Commutation relations in W are homogeneous, so modulo factors 
belonging to Z we have to test only monomials of Hi's and Gj's. But 
E = Yl^rGi' e S' if and only if /Xj+i - Hi = J2i^j{eij - Ci+ij) , so 

i 

o „ 

Lemma 5.5. The commutant of the subalgebra £^ C W^™ generated by 
{iff", G,_i ® . . . G,_fc}f^i is equal to JC^ . 

Proof. Denote the commutant of by C'^ . One can check that ICm C 
C'^. Obviuosly, 1®^""-^^ ® Fr^^d e so C'^ C W®(™-i) (8> 5' . This 
imply that C'.^ is generated by C'^_i ® 1 and l'2'('"-2) ,g, . Step by stop 
we can reduce the problem to m = 1 and show that C'^ is generated by 
£; ® l®(™-i) and /C,„ . But = W and £; = Z . □ 

Lemma 5.6. Let £,„(p) C W®™ be tiie subaigebra generated by Hf'"", 
i = 1, ... , n and all entries of L'"(m, p) . The commutant of £m(p) is equal 
to Km for generic p . 

Proof. One can check that Km commute with Cm{v) ■ So it is enough 

to prove the statement only for one variety F and one point p G F^"* . We 
shall use the trick of the "trigonometric limit" [21]. Let us take F containing 

p° = [ ) and tend pi ^ p° , i = 1, . . . ,m one after another. In this 



limit Cm{p) goes to which commutant is equal to Km according to the 
previous Lemma. □ 

Proof of Lemma 5.1. Substituting the expressions (5.3) into Eq.(5.2) we 
get identities 



and equations 



[S{p,p) , Gi+i ® Gi] = [S{p,p) ,Hi^Hi]=0 



S{p,p)Fi+l<S,G^ -T—Jt 



i+li+l 



= Fi+i ® Gi -j-^Ji + S{p,p) 
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which together with commutation relations 

JiJj = JjJiU^'+'-^-^''^+' , Ji{Fj+i ® Gj) = {Fj+i ® Gj)JiW^''i+'-^'i 
lead to functional equations for Wpp(s) : 

Wpp{s-ei) $,,(tjfe,+i5i+i - ai+i^i+iw^^'+i-^'+i) 
ei = (0, ...,,1 ,0) . 

t-tn 

The formula (5.4) gives a solution of these equations. Clearly S{p,p) = 1 (g) 1 
so S{p,p) is generically invertible. If S{p,p) is another solution of Eq. (5.2) 
then the ratio S~^{p,p)S{p,p) commutes with jC2{{p,p)) and, hence, gener- 
ically belongs to /C2 . □ 

Lemma 5.7. The intersection J^m <^ ICm is generated hy scalar s. 

Proof. It is easy to sec that J^n n /C^ C Z^™ , but it is also clear that 

Jm n Z®™ is generated by scalars. □ 

Proof of Lemma 5.2. Ss(p,p) commutes with £2{p,p), so generically 
'<s{p,p) G J2 r\ IC2 and hence is a scalar. Therefore S~^{p,p) e J2 and we 
see that g{p,p,p) commutes with C3{p,p,p) which follows to g{p.p,p) S 
jTs n /C3 . The explicit formula for S(p,p) can be obtained in the same way 
as the inversion relation (A.l) from [22]. □ 
Proof of Lemma 5.3. Consider the ratio 

3?(P1, P2, P3) = ((S(P2, Ps) ® 1)(1 ® S(pi, P3))(S(piP2) ® 1)) 

X(S(P1P2) O 1)(1 O S(pi,P3))(S(p2,P3) 1) . 

Similar to the previous proof 5R(pi, P2, Ps) G J^mt^lCam and is a scalar. So it 
is represented by the same scalar in any representation of W®'*'" . Let a be 
a nonzero representation of W . Taking the representation cr®^™ of W'^^'" 
and computing det cr®^'"(5R(pi, p2, ps)) = 1 we see that 5i(pi,P2,P3) is a 
root of 1. Hence it is constant. In conclusion, it is clear that 3?(p, p, p) = 1 
if p = {p, . . . ,p) . □ 

Similar to (3.2) the mapping 0„(p) : A -> W®" : 

T(u) (-«)i-"L'"(u,p) , Hi Hf^ 
is a homomorphism of algebras. Let be the quotient of the algebra 
W over relations /j = 1 , i = 1, . . . ,n and i : >V — > W° be the canon- 
ical projection. One can check that >V° is a simple algebra isomorphic to 
(EndC^)®(""i) . Let a° be the irreducible representation of W° , a = a°oi 
and consider the representation 7rrn(p) = o"®'" o <Pm{v) of the algebra A. 
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Lemma 5.8. 7rm(p) is completely reducible for generic p . 

Proof. It is clear that any the irreducible representation of W° can be 
obtained from the construction of the Lemma 3.1 by proper choosing of 
parameters. In particular it means that all generators of W° are represented 
in a° by unitary operators and the same is the fact for generators of 
in the representation cr®'" modulo scalar factors. Hence cr®™ is completely 
reducible with respect to L"^ and generically with respect to £m{p) ■ (Use 
"trigonometric limit".) Since im^m(p) = £m{p) the statement is proved. 
□ 

Lemma 5.9. Invariant subspaces of iVmip) are invariant with respect to 

Proof. It suffices to prove the statement only for generic p where 7r„j(p) 
is completely reducible. Moreover, we can look to only irreducible subspaces. 
Let P be projector onto such subspace along all others. As (fT°)®"* is the 
faithful irreducible representation of (W")®™ we can write P = (t^™{0) 
with some O belonging to the commutant of £m(p) which is equal to ICm for 
generic p . Therefore O commute with jTm and im P , ker P are invariant 
with respect to a^'^{Jm) □ 

Corollary. Invariant subspaces of tt^Cp) do not generically depend on p. 

Proof. Let the subalgebra C W®™ be generated by £^ and Jm ■ 
Clearly for any p £m{p) C Lj^ . Together with the Lemma it means that 
invariant subspaces of cr®™ with respect to C}^ are also invariant subspaces 
of 7rTO(p) for generic p and vice versa. □ 

Lemma 5.10. Irreducible parts of 7r„(p) are irreducible A-representations 
for generic p . 

Proof. It is sufficient to consider only one variety F . Let us take it such 

that ( ^' ' " ' ' f I e F for any a,b. One can easily reduce the problem to the 
\b, ... ,bj 

following one: To prove that generically h{{v) = {—v)~^ Yl U^''\v) G 

k 

where U-^ = —vSij + {—vy*'bkSi+ij. Computing U{v) explicitly we can 
see that Uij{v) = {dn-v)5ij + {-vy^-' diSi+ij where IK^fe -^') = c^i*^""' • 

k 

Taking d\,dn-i,dn ^ and di = otherwise we obtain that Ai{v) = 

dn - V , -61(1;) = -vdi if I = and Ai+i = {dn - + v^d[dn-i , Bi+i = 
—vdi{dn — vY , C/+1 = v''~^d''^^dn-i{v — dn) if I > . Therefore generically 
U{v) e AM[v] . □ 



24 



Irreducible parts of 7r„(p) is called factorizable representations. Finally, 
we have got the following picture. Let V be an irreducible subspace of cr®" 
with respect to Cl^ and tt{p,V) = 7r„(p) |^ . One can see that diml/ = 
^n(n-i)/2 rpjjg subspace V suffices to collect all factorizable represen- 
tations because for any p and irreducible subspace V one can find p' 
such that 7r(p, y ) = tt{p',V), p,p' £ F^". Let P be the permutation 
operator corresponding to cr*^" a®" . Then in virtue of (5.5) the represen- 
tations 7r„(p) and 7r„(p') are cocommuting if p , p' are in the same variety 
F^" and R(p, p') = P(t'^^"(S(p, p')) is their intcrtwincr in the scncc of 
Eq.(4.1). R(p,p') can be restricted to V ® V giving the intertwiner for 
cocommuting factorizable representations 7r(p, V) , 7r(p', V) . So we have got 
an explicit formula for an intcrtwincr of special elementary representations 
- factorizable representations. Unfortunately, counting of parameters shows 
that factorizable representations do not cover the total set of elementary rep- 
resentations. On the other hand it is not surprising because we can see from 
the Lemma 4.3 that a generic variety of cocommuting elementary represen- 
tations is 3-dimensional but a variety of cocommuting factorizable represen- 
tations is at least (n -|- l)-dimensional, which is larger for n> 2. 



6. Quantum minors and quantum determinant 

Now we want to discuss some technical problems skipped before. In this 
section it is not necessary to suppose that Cij are integers and a; is a root 
of 1. Only the condition ujijujji = uj^^^'^ is assumed. It is more convenient 
to study a little bit more general situation. We introduce a new i?-matrix 

R (u) 
replacing in Eq.(l.l) a tensor e by a similar tensor e and change the defini- 
tion of the algebra A substituting R (u) 
instead of R{u) in the left hand side of the relation (1.2): 

R {u)T{uv)T{v) = T{v)T{uv)R{u) . 

(6.1) 

Let V = C" and ei, . . . ,e„ be the canonical basis of V . Later we regard 
monodromy matrices as matrices over A , naturally acting in the ^-bimodule 
= A®c V ■ We assume the embedding l®i6.:V ^Vji, taking place. Let 
us introduce the Abimodules F®™ = V^^a ■ ■ ■ ^aVa = A^c and 

V ' 

m 

their submodules = A®c 1/^™, V"^™ being spanned by completely 
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antisymmetric tensors. Define bm G End 1/®™ as follows: 

m 1-1 



1-1 



1=1 fe=l 



bm is defined by the similar formula with ojij = w^'^ instead of ojij . One 
can check that 



V^^"" = bm(f] ker = C( f| ker i? (w) 

fc=i fe=i 

As usual the definition of quantum minors is based on the fusion procedure 
[23]. By virtue of the relation 

_ '=.'=+1 k , k-1 , fe-1 , k 

(6.2) 

following from (6.1) 1/^"^ is an invariant submodule for T®^^^''(w) : 

_ 1 m ^ 

T^^^{u) = bmT{u)-...-T{uu^^-^)bm^ . 

Definition 6.1. T^™(u) = T®«'"(u) |^^^ , detgT(u) = T^"(u) 

Entries of T^'^{u) are called quantum minors and detgT(u) is called the 
quantum determinant. 

Proof of Lemma 1.2. Eq.(1.5) gives the correct coproduct only in the 

original case: R{u) = R {u) , bm = 

bm ■ In this case it is obvious from the definition that A(T^'"(u)) = T(''"^iu)T^"''iu) . 

□ 

Proof of Lemma 1.1. For a moment wc have to indicate explicitly R- 
matrices taking part in the relations defining the algebra of monodromy ma- 
trices. Three such algebras are necessary: A = A r 

and A R _ ^ 

The Yang-Baxter equation shows that i?-matrices R{u) , R 

generate some representations X) X of the algebras Arr , A r 

in C" respectively. Taking the m-th tensor power of Eq.(6.1) and using the 

definition of the quantum determinant we have got 

detg T{u) p{u/v)T{v) = T{y)p{u/v) det, T{u) (6.3) 
wherep(M) = f{u) (det, Trr)^{u) , p{u) = f{u) (det, T r 
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and f{u) is an arbitrary scalar factor. The easiest way to calculate p{u),p{u) 
explicitly is to use different expressions for detg T{u) for calculating different 
entries of p ,p. For each entry the most conveinient expression has only one 
nonzero term. As a result the matrices p , p can be written as follows: 

k,l k,l 

and using of Eq. (1.4) in case of = R (u) 

completes the proof. □ 

Corollary, [det, T{u) , detg T{v)] = . 

Proof. It follows from (6.3) since det p = dot p . □ 

Let us identify V with and V^^ with l/^(™-2) as follows: 

Ci < > (-l)""*ei A . . . A e,_i ACi+i A . . . A e„ (6.4) 

Cj A Cj < — > (-l)*+^ei A ... A Ci-i A Cj+i A ... A ej-i A ej+i A ... A en 
i < j 

and take the elements written above as standard basic elements for these 
spaces. 

Lemma 6.1. 

T(w)d-i(T^("-i)(uco-i))'(i = dct,T(M) , (6.5) 

T''^{u)£-\d''^)-\T''^''-^\uLo-^)yd''^£ = detgT{u) , (6.6) 
l-l l-l 

I k=l I k=l 

iei A ej = uJijCi A Cj , lei A ej = uJijCi A ej , £ ,£ EFiudV'^'^ 

Proof. One has the natural embeddings V^" C Va <S)a V^^""^^ C V^"" 
and y^" C V^^ (E)A V;^^"^^^ C , so detq T{u) can be calculated in two 
steps. At first r®«™(M) is restricted to the tensor product Va ®a V^^"""^^ 
or (8)_4 \/^("~2) and then to V^" . Taking into account relations (6.4) 
in this calculation we obtain the statement. □ 
Corollary. 

R{u) = {p®I){R{u)Y{I(^p)-^ , R{u) = {p®I){ R 
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Proof. One can transform Eq.(6.1) to this formulae using the Lemma 1.1 
and Eq.(6.5). □ 

Let us also introduce T{u) as follows: 



2 



Eq.(6.7) shows that is an invariant submodule for T{u) and one can 

put T{u) = T{u) I . Using Eq.(6.3)-(6.6) one can show that 

(f(u))* = detgT(u)T^("-2)(ua;-i) . (6.8) 

Due to the structure of the i?-matrices (see Eq.(l.l)) we can consider 
submatrices of T{u) as monodromy matrices of smaller size: commuta- 
tion relations inside a submatrix are also described by the relation (6.1) 
if one substitute there for the original matrices submatrices of T{u) , R{u) , 

R {u) 
corresponding each others. And quantum minors of T{u) are quantum de- 
terminants of its submatrices treated as smaller monodromy matrices. This 
is the important thing permitting us to compute commutation relations of 
quantum minors step by step by means of Eq.(6.5),(6.7),(6.8). 

Lemma 6.2. Let Tij,Tki be quantum minors and one of them includes 
another. Then 

Tij(u)Tk,(u)=Tk,(u)Tij(u)*ji ^ Tk , 

iei feek jej lei 

where bold letters are multi-indeces. 

Proof. If the smaller minor is an entry of T{u) the statement follows from 
the proof of the Lemma 1.1 because the larger minor can be considered as a 
quantum determinant. The general case can be got simply by multiplication. 
□ 

Now we can prove relations (2.2)-(2.5);(2.17) for quantum minors. Some 
of Eq.(2.2) and (2.3) are evident and others follow from the Lemma 6.2. 
Eq.(2.4) can be obtained from the relation (6.7) applied to the principal 
submatrix generated by the first {i + 1) rows and columns (its quantum 
determinant is the quantum minor Ai^i{u)). The relation (6.8) applied to 
the same submatrix leads to Eq.(2.5). And the same relation applied to the 
submatrices generating quantum minors Bki{u) and Cki{u) gives Eq.(2. 17) 
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7. Comultiplication of central elements 

The fusion procedure is also very helpful in handling of central elements. 
Now we again require to to be a primitive A^-th root of 1 but Cij can still 
be complex. Let W"^ be the kernel of the complete symmetrizing projector 

in y®™ . It is clear that ker R{u) c b^W"' if fc < m . Define 

j=i i=i 

both indices growing from right to left. R™ will be considered as function 

of UJij . 

Let V'''' C V^^ be the subspace spanned by the elements ef^ = Cj i8) 
. . . ig) e, , i = 1, . . . ,n a.nd = A (»c V'K 

Lemma 7.1. Genericalfy kerR^ = W^ ® y« . 

Proof. Using the Yang-Baxter equation (1.2) one can move any factor 

k,k + l 

R (w) in the product for R^ to the very right and show that W'^ C ker R^ . 

It is also clear that R{u)\^^^ = 1 - uw . Evidently n = 0. So 
© V'^ C kerR^ and it remains to prove that gencrically dimkori?^ = 
dimiy^ + dirnl/'^ . Here the right hand side does not depend on at all 
and it is enough to calculate the left hand side only for one special case. Let 
us test the limit iVij for i < j . In this limit 

R{u)ei (g) e, = (1 — uuj)ei (g) , 
R{u)ei (g) ej = (1 — w)ej (g ej + o(l) 

) i < j ■ 

R(u)ej (g Cj = w,j((l — u)ej e, + o(l)) 

Prom this equalities one can see that 'Rq = lim R^ is finite and im Rq'^ is 

spanned by {e^j (g . . . (g e^^ : ii > • • • > «7v , ii 7^ in} ■ Hence dim ker R,^ = 
dimM^-'^ H-dimV^" . But generically dim ker R-'^ < dim ker R^ , so the state- 
ment is proved. □ 

Lemma 7.2. Let K e M^'^ be a projector such that W C kevK and 
y» CimK. Then KT^"^ {u) I = and KT^''^{u) I = {T){u^) . 

Proof. By virtue of the Eq.(6.2) is an invariant submodule for 

T®<'^(u) . Due to Eq.(6.1) one has the relation 

m 1 

R"r®«"(w) = r(ww^-™)-...-r(w)R'" . 
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which shows that A<E)c kcr is also an invariant submodule for T®«^(w) . 
Therefore according to the Lemma 7.1 © Vjl is its invariant submodule 
too and the statement follows from the straightforward computation. □ 

Proof of Lemma 1.5. This Lemma is a corollary of the definition (1.5) 
of the coproduct and the previous Lemma. □ 

R 



Proof of Lemma 1.4. Let X;X be the representations of the algebras 

generated by i?-matrices R{u) , R 
in C" . Eq.(6.1) and the Lemma 7.2 together give 



R 

R<>{v) = {Tf{v) , R 

can be calculated easily and are equal to (1 — v)I (g) / if all Cij are integers. 
□ 

Proof of Lemma 2.1. Since all entries of {T){v) mutually commute its 
minors can be defined as usual. The slightly more general statement will be 
proved. 

Let Tij(u) be a quantum minor of T{u) and {T)^^{v) be the corresponding 
minor of {T){v) . Then 



{v){T){u^v)T{u) = T{u){T){u^v)R^^{v) 
<\v) = lTf(v) 



(TiiKv) = {T),.{v) n n ^Ji ' (7-1) 

i.feei i,/ej 

i>k j>l 



As before we treat quantum minors of T{u) as quantum determinants 
of its submatrices. So we have to prove this formula only for the quantum 

determinant supposing that it is proved yet for all proper qiiantum minors. 
The complete set of formulas for all quantum minors can be obtained by 
induction with respect to the minor's size. The base of the induction is the 
case when a minor is simply an entry; in this case the formula (7.1) is tauto- 
logical. In order to prove the formula (7.1) for the quantum determinant let 
us take the 7V-th tensor power of Eq.(6.5). Using the commutation relations 
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(6.3) to carry detq T{u) through T{v) we come to 

r®''^(u)f®''^(u) = (dctqT)(u^) , (7.2) 
f^^^{u) = 6jv(d®^)-'n®p('^-') (r^("-i)(«))* • •• • • (T^("-'H"'^'^"'))*x 

i 

Let K be the same projector as in the Lemma 7.2. By the straightforward 
computation taking into account Eq.(7.1) for proper minors one can check 
that 

Kf^^^ in) 1^^^ = (T)-("-^)(«^) n n ^^^-^^i • 

i j=l 

Now Eq.(7.2) multipUed by K from the left side gives the required formula 
n n ^^onj (det, T){v) = {T){v){T)^^"-'\v) = det {T){v) . (7.3) 

□ 

Proof of Lemma 1.7. The only nontrivial property to be checked is 

det {Ty{v) = {Q^){v) n hr = (dot, r)-(z;) . 

i,l 

But it was already proved above (cf. Lemma 1.1 and Eq.(7.3)). □ 

8. Algebra of monodromy matrices and Uq{gl{n)) . 

Let us make two remarks about the structure of the algebra A . At first 
there exists an algebra isomorphism between Ana and A n 
if €ij — Cij + Sij — Sji for some integers Sij . It looks as follows 

R R 



This mapping does not preserve the coproduct so it is not a bialgebra iso- 
morphism. 
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Now let us take a polynomial representation tt of degree M such that 
^0 = = 1 , i = 1, . . . , n . We put T{u) = T''{u) , Hi = H[ and introduce 
operators Ei ,Fi ,Gi , i = 1, . . . ,n as follows: 

77 /T-iO\ — 1t-iO IP /n-)00\ — lrp00 

- K-'-ii) > — K-'-ii ) -tj.i+l . 

For n > 2 they satisfy commutation relations 

I 

[Ei, Fj] = {uj- l)Gi{Hi+i - Hi)Sij , 
EiEj = EjEiio^'i , FiFj = FjEiU^i* , |i-i|>l , 
LJ^'^'EfEj - {uj + l)E^EjEi+uj'"iEjEl = 

, |i — j| = 1 

uj''"FfFj - (w + l)F,FjFi +uj''^^FjF^ = 

which look similar to the commutation relations for Uq{gl(n}) . More pre- 
cisely, for = 1 , N being odd, = ^(1 + 6ij) and q = the 
operators 

... _ rriN+l)/2 _ E, _ F, 

satisfy the commutation relations for Uq{gl(n)) at level 0. 
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